In this work we discuss the connection between classical and fractional viscoelastic Maxwell models, presenting the basic theory supporting these constitutive equations, and establishing some background on the admissibility of the fractional Maxwell model. We then develop a numerical method for the solution of two coupled fractional differential equations (one for the velocity and the other for the stress), that appear in the pure tangential annular flow of fractional viscoelastic fluids. The numerical method is based on finite differences, with the approximation of fractional derivatives of the velocity and stress being inspired by the method proposed by Sun and Wu for the fractional diffusion-wave equation [ Z.Z. Sun, X. Wu, A fully discrete difference scheme for a diffusion-wave system, Applied Numerical Mathematics 56 (2006) 193-209]. We prove solvability, study numerical convergence of the method, and also discuss the applicability of this method for simulating the rheological response of complex fluids in a real concentric cylinder rheometer. By imposing a torsional step-strain, we observe the different rates of stress relaxation obtained with different values of α and β (the fractional order exponents that regulate the viscoelastic response of the complex fluids).
Introduction
Viscoelastic fluids are abundant in nature, and also play an important role in our daily lives. Examples include coagulating blood [1] ; food additives designed for dressing dysphagia [2] ; paints that present better or worse adherence to walls; food and plastic products that go through complex extrusion processes that depend on their rheology, etc. This broad class of fluids often present complex behavior, frequently counterintuitive, that hinders the a priori design of systems in which they are involved. Therefore, it is of major importance to understand the rheological behavior of such a wide variety of complex fluids, allowing, in this way, cost reductions, health improvements, etc.
The recent advances in computational power have led to numerical modeling as a powerful tool for understanding, predicting and optimizing such complex fluid flows [3] . Successful computational analysis requires: (I) the existence of an accurate constitutive model that mimics the physical response of the material under study, and (II) the existence of robust convergent numerical methods for the solution of the resultant complex systems of differential equations [3] .
Regarding (I), in the last few years a special class of models has attracted the attention of both engineers and mathematicians. These new models make use of fractional derivatives [4] (integro-differential operators) instead of the classical derivative and classical integral operator. The reason for the success of this class of operators comes from the fact that they can naturally generalise the differential equations governing important physical processes (especially processes with viscoelastic memory), improving their range of applicability and their quantitative ability to describe experimental data (see [4, 5, 6] ).
Regarding (II) it is well known that viscoelastic constitutive equations are difficult to solve numerically, especially in complex geometries that include singularities [3] , but, nowadays, new methods are being developed that are able to deal with such complexity.
The aim of this work is to address two distinct subjects: fractional viscoelastic models and numerical methods for the solution of a particular set of fractional differential equations, and thereby to study the unsteady unidirectional flow of fractional viscoelastic fluids inside a real concentric cylinder rheometer (annular flow).
Annular flow between concentric cylinders (including purely tangential, purely longitudinal as well as helical deformation) is not new, and has been addressed in the literature for both classical [7, 8, 9, 10, 11] and fractional viscoelastic models considering the generalised Maxwell [12, 13, 14, 15, 16, 17] and the generalised Oldroyd-B [18, 19, 20, 21, 22, 23, 24] models. Apart from the different fractional models considered, these works differ from each other in the boundary conditions used, and the method in which theoretical results are derived. Most of them present closed form explicit solutions for both velocity and stress, and make use of the Laplace and Hankel transforms to derive the final equations. These transforms pose restrictions on the derivation of the analytical solution (the inverse transforms are only known for a small set of simple functions), and therefore, the solution is limited to specific boundary conditions. Other limitations of the analytical solutions are:
• the infinite series solution is not simple, and the proof of its convergence (when it converges)
is not an easy task [13] ;
• the explicit series solution depends on the roots of a transcendental equation (promoting a decrease in the accuracy of the final solution and making the solution more difficult to obtain) [13, 15] .
• the model studied in some analytical works is claimed to come from the simplification of a (unphysical) nonlinear constitutive equation. The model is not frame invariant and this needs to be clarified (see [25, 26] ), so that both mathematicians and engineers can continue devel-oping new fractional constitutive models capable of describing the response of real materials under large straining deformation [13, 15, 23] .
In order to overcome these limitations, we develop a numerical method for the solution of the fractional differential equations governing the unidirectional tangential flow of fractional viscoelastic fluids constrained in the annular gap between two coaxial right circular cylinders (the TaylorCouette geometry). The boundary conditions can be any function of time, and a study of the convergence of the method is provided together with the proof of its solvability. The numerical method is based on finite differences, with the approximation of velocity and stress fractional derivatives, being inspired from the method proposed by Sun and Wu ([27] ). It should be remarked that many works can be found in the literature regarding the numerical solution of fractional differential equations. A large proportion of these works is concerned with anomalous diffusion, that can be modeled by having a time fractional derivative with the order of differentiation in the range (0, 1), or, it can be modeled having a space fractional derivative with the order of differentiation in the range (1, 2) (or both). For additional details see the monograph by Podlubny [4] , and also [28, 29, 30, 31, 32, 33, 34] .
In our case, the time fractional derivative is of order 2 − β with 0 < β < 1 (for the momentum equation), akin to the fractional diffusion-wave equation, but, we must also include the contribution of a classical time derivative arising from the response of a Newtonian solvent that suspends the complex polymeric additive. For the simplest case of fractional diffusion-wave equations (with no extra classical time derivative) some numerical works can be found in the literature that are helpful in understanding and deriving the numerical method presented in this work. These include the work of Sun and Wu [27] where they present a method based on finite differences with a convergence order of O ∆t 3−β , ∆x 2 , (where ∆x is the size of the space mesh element and ∆t the time step) (see also [35, 36] ); the work by Huang et al. [37] where they solve the diffusion-wave equation by transforming it into an equivalent partial integro-differential equation (see also [38] ); the work by Zeng [39] where a O ∆t 2 , ∆x 2 finite difference method is developed; the work by Ding and Li [40] where they develop a finite difference scheme for the fractional diffusion-wave equation with a reaction term, and the work by Murillo and Yuste [41] where they present an explicit method which is shown to be conditionally stable.
Some preliminary results on the pure shear flow of a Fractional Maxwell model were presented at a conference and published in a conference proceeding [42] . The Fractional Maxwell Model is used in that work as an introduction to a more general model, the Fractional K-BKZ model. In the present present work we are concerned only with the Fractional Maxwell Model and we have organised as follows: In order to establish a connection between classical and fractional models we present an introduction to the subject, and also discuss the admissibility of some fractional models proposed in the recent literature (Section 2). The numerical method is presented in Section 3, together with the proof of its solvability and a study of its convergence order. Special attention will also be given to the numerical solution of the tangential annular flow of an Upper Convected Maxwell model. In Section 4 we present a discussion of the effect of the use of the fractional order on the temporal evolution of the velocity and shear stress, and we also present a brief discussion of the stress relaxation obtained for the UCM model. The paper ends with some conclusions in Section 5. 
The Classical and Fractional constitutive modeling
The most elementary model for the constitutive response of viscoelastic fluids was proposed by Maxwell [9, 43] and is given by σ + λ dσ dt = ηγ, with σ the stress tensor,γ = ∇u + (∇u) T the rate of deformation tensor, u the velocity vector, λ the relaxation time of the fluid and η the viscosity (rate-independent). The model can also be written in integral form as,
where
λ is the relaxation modulus (the response of the stress to a jump in deformation at t = 0), γ is the deformation tensor, and it is assumed that the fluid is at rest for t < 0. This is one specific form of the Boltzman integral for linear viscoelastic deformations of complex materials [9] .
This type of Maxwell-Debye relaxation (exponential decay) is observed in several complex viscoelastic fluids, but there are other materials showing different types of fading memory, such as an algebraic decay (see for example the work by Keshavarz et al. [44] on biopolymer gels and Ng et al. [45] on bread dough) in which the relaxation modulus is given by,
with 0 < α < 1 and S a scalar measure of the gel strength.
For such materials, if we re-write the relaxation modulus in the form
(where Γ(1−α) is the gamma function), then, equation (1) can be written as (the physical meaning of V will be explained later),
We now introduce the definition of a generalised (fractional) derivative in the Caputo sense. Assuming 0 < α < 1, the Caputo derivative is given by [46, 47] :
The resemblance between equation (3) and the Caputo derivative is evident, therefore the constitutive equation (3) for a material exhibiting power law relaxation of the form in equation (2) can be re-written as
where V is a constant for a fixed α, with physical dimensions P a.s α . V is a generalised modulus or a quasi-property. These quasi-properties are not true material properties, like a modulus or viscosity, and are best viewed as the numerical measures of a dynamical process [6, 48] . Note that other fractional derivatives could have been used, such as, for example, the Riemann-Liouville 4 fractional derivative. The reason for choosing the Caputo derivative is because it allows an easier interpretation of initial conditions and the fact that the Caputo derivative of a constant is 0 [47, 4] .
Recognizing that for α = 1, V = η, and, for α = 0, V = G 0 , equation (5) can be viewed as a general constitutive relationship to represent a viscous fluid (σ (t) = V
, and a mix of both states (σ (t) = V d α γ(t) dt α , 0 < α < 1), interpolating between an elastic spring and a viscous dashpot (5) . The mechanical response given by equation (5) is often referred to as a Scott Blair element or springpot [49] .
A mechanical interpretation in terms of classical springs and dashpots was derived by Schiessel and Blumen [50] (see also [51, 52] ), where the fractional model can be seen as an infinite seriesparallel combination of springs and dashpots (resulting in the so-called springpot), as shown in figure 1(a) . [50] , and using the notation of [6, 26] the FMM is given by a representation of two springpots arranged in series, as shown in figure 1(b) . Assuming that the stress felt by each springpot is the same (σ (t) = V
dt β ), and that the total deformation is given by γ (t) = γ 1 (t) + γ 2 (t), then the fractional differential equation representing the relationship between tensorial stress and deformation is given by,
where it has been assumed (without loss of generality) that 0 < β ≤ α < 1.
This four parameter linear viscoelastic model is able to describe a much wider range of complex fluid behavior when compared to the classical Maxwell model (obtained in the limit α = 1, β = 0). It is not difficult to imagine that a representative of a complex material element, may be subjected to a wide range of different relaxation processes when deformed (due to the wide range of underlying molecular constituents). When using the classical Maxwell model we only capture a single characteristic relaxation time, whereas by using the FMM a wide spectrum of different relaxation processes are considered (corresponding to figure 1(c) ). Note that for this model we have four parameters (two quasiproperties V, G and two fractional exponents) that need to be determined from regression to experimental data. [26] in water with a concentration ranging from 0.25 to 1 [wt.%] (for both cases the α and β values decrease with increasing concentration). For other food gums such as guar gum (0.5 wt.%) V = 0.74 P a.s α , G = 7.9 P a.s β , α = 0.83, β = 8.2 × 10 −2 ; for tara gum (0.4 wt.%) V = 0.18 P a.s α , G = 8.7 P a.s β , α = 0.92, β = 0 [2] .
In general, assuming 0 < β < α < 1, it can be shown that in the linear viscoelastic regime following a step strain displacement the exponent α captures the slope d log(G(t))/dt at long time intervals (or low frequencies), and the exponent β captures the slope at short time intervals (or high frequencies) [26, 53, 54] .
The FMM (equation (6)) shows unbounded stress growth following start up of steady shear with a deformation of the formγ =γ 0 H(t) (where H(t) is the Heaviside step function andγ 0 is the rate of shearing strain), or equivalently, the transient viscosity η + (t) = lim t→∞ σ(t)/γ 0 diverges at long times. To prevent unbounded stress growth and have a finite zero shear viscosity, η 0 , as expected for a viscoelastic fluid, we require α = 1, V = η 0 .
The resulting three parameter model can be written in the form
and we refer to this as the Fractional Viscoelastic Fluid model (FVF) (see figure 2 ). The supremacy of the FVF over the classical Maxwell model in describing relaxation data of complex fluids can be seen for example in figure 2 , where we show the fit to the relaxation modulus obtained after applying a step strain of the form γ = γ 0 H(t). The experimental data was obtained for a polydimethylsiloxane sample [55] and a nonlinear regression was used to perform the fit. Note that a corresponding fit with a multimode Maxwell model requires N = 5 modes (or 10 parameters) to achieve a similar level of fidelity.
For this three parameter model (FVF) the storage and loss moduli in small amplitude oscillatory shear flows (SAOS) withγ = γ 0 ω cos(ωt) are given by [6] ,
The crossover frequency, ω c , at which G = G is then given by equating these expressions to give, 
G(t)
[Pa] 
Note that for β → 0.5 the crossover frequency diverges, and for β > 0.5, ω c is not defined because cos π 2 β − sin π 2 β < 0. Neglecting the algebraic correction given by this term, quite generally a characteristic time scale for the FVF can be given by τ ≈ (V/G) 1/(1−β) [6, 26] . For the data shown in figure 2(a) τ = 0.172 s.
Since the FMM has four model parameters, it is expected to provide additional flexibility in fitting a wider range of complex fluid rheology, particularly for complex fluids such as biopolymer gels for which the zero shear viscosity is indeed unbounded. In order to test this, we have performed a fit with a Maxwell model and both FMM and FVF to the experimental data (G and G ) obtained from the rheological characterisation (Small Amplitude Oscillatory Shear at 230 • C) of a polystyrene extrusion grade, Polystyrol 158K from BASF [56] , and the experimental data obtained for the xanthan gum with a concentration of 0.25 wt.% [26] (presented before).
From the results shown in figure 3 , it can be seen that using α = 1 as an additional model parameter, a slightly better fit is obtained (see the region inside the dashed rectangle). To quantify the error incurred during the fitting process we will use a mean square error given by (see [55] Appendix3A and [57] ),
Numerical values for each set of fitted parameters are given in each part of figure (3). Comparing the fractional model fit with the fit obtained with the Maxwell model, we see that using a combination of a springpot and dashpot, or, a combination of two springpots, leads to huge improvements in modeling real data. For the FVF we obtain ω c = 34
For the xanthan gum [26] with a concentration of 0.25 wt.%, the quality of the fit obtained with the FVF (figure 4) is less (ε = 3.48 × 10 −1 ) when compared to the fit obtained for the Polystyrol 158K (ε = 2.45 × 10 −1 ); however, the fit quality is still really good, especially when compared to the poor fit obtained with the Maxwell model (ε = 4.70 × 10 1 ). Note that the results presented in (figure 4(d)) were obtained from [26] .
We have also compared the performance of the FVF with another three parameter model, the Jeffreys model [58, 9, 43] . We see that the fitting error is much smaller in the FVF (ε F V F ε Jef f reys ). The conclusion is that the FVF although requiring one less parameter when compared to FMM, is still adequate to model the rheological behavior of different viscoelastic fluids, unless very high precision is needed in the high frequency regime, while also having the benefit of a well defined steady shear viscosity η 0 in the limit of long times t τ .
Admissible Models
All of these linear viscoelastic models suffer from a serious problem, they are not frame-invariant [64] . Although rheological invariance is by no means a simple subject, it is sufficient to note here that the description of physical phenomena should remain unchanged, if we change the point of view of the observer (the frame of reference), and the material properties should be independent of the observer [59, 60, 61] . Therefore the mathematical formulas that represent physical phenomena should reflect this invariance.
The classic Maxwell model can be improved to become frame-invariant. The resulting model is known as the Upper Convected Maxwell (UCM) model [62, 59, 9, 63] , and is given by σ + λ
∇u is the upper convected derivative.
In the literature, several publications can be found regarding the so called fractional Upper Convected Maxwell model (see for example [13, 21] ), where, the time derivative of the stress, in the UCM model, is substituted by a fractional derivative,
with 0 < ζ < 1. However, one cannot just simply substitute one derivative by the other, since, we need to be sure that the equation is frame-invariant [64] (additionally, this proposed equation is dimensionally inconsistent). Therefore, these works present a model that cannot be considered a true nonlinear constitutive equation (see [65, 66, 67, 68] and [60] pp. 222-223). For a discussion on frame-invariant fractional constitutive equations please see the work by Pan Yang et al. [64] and the references cited therein. Note that this is a recent and difficult subject (frame-invariant fractional models), and that few works can be found in the literature regarding this subject [25] .
Accordingly, the objective of the present work is to study the FMM and FVF by considering specific flows where they become physically acceptable constitutive equations, that is, flows in which the material response remains in the Linear Viscoelastic (LVE) regime. This LVE regime can be easily understood in context of a Pipkin diagram [69] shown in figure 5 , where the various regimes exhibited by viscoelastic liquids in oscillatory flow are presented. By defining the Deborah and Weissenberg numbers as De = τ ω and W i = Deγ 0 , respectively, we then conclude that the FMM and the FVF are valid for time varying flows at arbitrary frequencies providing the strain amplitude is sufficiently small that W i 1 (gray region of figure 5 ).
We therefore consider in this work the startup of linear shear flows at small enough strains, so that the fluid response is linear. In the future we will consider more complex frame invariant models [25, 64] that also enable description of non-linear viscoelasticity (patterned region in figure  5 ).
Taylor-Couette Flow
Coaxial annular flow in which a fluid is confined between two cylinders (see figure 6 ), has been studied for a long time [70, 71, 72, 73] . Maurice Couette described this arrangement in his thesis (1890), and, for a historical review see [74, 75, 76] . This type of flow has the particular importance of allowing the rheological characterisation of materials by loading the unknown material into the annular gap (see figure 6 ), rotating one cylinder (in a steady or unsteady motion) and measuring the resulting torque on the second cylindrical surface [76] .
The tangential component of the governing momentum equation in terms of u θ (θ − component of the momentum equation), and shear stress, σ rθ , for this pure tangential annular flow with an imposed velocity profile (u r , u θ , u z ) = (0, u θ (r, t), 0), are given by 
We next consider how to discretise and solve these equations numerically.
Numerical Method
This Section is dedicated to the discretisation and numerical solution of equations (12) and (13) 
Discretisation of the Velocity and Shear stress Equations
In this subsection we will derive a numerical method for the solution of the system of fractional partial differential equations (12) and (13), with boundary and initial conditions of Dirichlet type:
Physically the latter condition corresponds to a viscoelastic fluid at rest and fully relaxed at t = 0. In order to solve the system of equations (12, 13) numerically, we need to obtain an approximation for all the operators (time and spatial derivatives). For that, we consider a uniform space mesh on the interval [R in , R out ], defined by the gridpoints r i = R in + i∆r, i = 0, . . . , N , where ∆r = Rout−R in N . For the discretisation of the fractional time derivative we also assume a uniform mesh, with a time step ∆t = T /S and time gridpoints t s = s∆t, s = 0, 1, ..., S.
The single fractional differential equation governing the evolution of velocity in both time and space, developed by eliminating the shear stress from the tangential component of the momentum equation can be re-written as:
The numerical method to solve equation (16) is based on the method presented by Sun and Wu [27] for the fractional diffusion-wave equation. Denoting by u s i an approximation of u θ (r i , t s ), i = 1, ..., N − 1, s = 1, ..., S we can define the following:
Each term of equation (16) 
. Note that these approximations come from an average in time (a well known procedure for increasing the accuracy of the method [27] ). The numerical approximation to the fractional derivative, D
2−β t
, is given by [27] ,
with
and = 2 − β. The discretized velocity equation can then be written as,
for i = 1, ..., N − 1 and s = 1, ..., S.
At each of the cylinder boundaries we have u s 0 = φ 0 (s∆t) and u s N = φ N (s∆t). This will generate (at each time step) a linear system of (N − 1) × (N − 1) algebraic equations for (N − 1) × (N − 1) unknowns. For a better understanding of the approximations used to discretise the velocity equation the work by Sun and Wu [27] should be consulted (the numerical results that will be shown later suggest the convergence order expected for this method).
After solving the system of equations, an approximation of velocity at time and space mesh points is known, and, the evolution shear stress equation, Eq. (13), can be solved separately. It should be remarked that the right-hand-side of Eq. (13) is known and therefore we only need to this equation in time with initial condition σ rθ (r, 0) = 0. Denoting by σ s i an approximation of σ rθ (r i , t s ), the discretised equation for the evolution of the shear stress can be written as:
for i = 1, ..., N − 1 and s = 1, ..., S with,
and Θ = 1 − β.
Again, the approximation used for each term in equation (13) is obvious, when comparing Eqs. (13) and (24) . A second order approximation was used to approximate ∂u θ ∂r . It should be remarked that in this equation we do not need to provide boundary conditions for the stress but we do need an initial condition.
Note that the operator used to approximate the fractional derivative appearing in the velocity equation, Eq. (16) is not the same as the one used in the stress equation, Eq. (13). The main difference is that the order of the fractional derivative for the velocity equation is 2 − β while the order of the fractional derivative in the stress equation is 1 − β ∈ (0, 1).
The right-hand-side of equation (24) comes from equation (23), and at each time step (s∆t, s = 1, ..., S) equations (23) and (24) are solved sequentially (in this order).
Solvability
For s = 1, 2, ..., S and i = 1, 2, ..., N − 1 we may rewrite equation (23) as:
j=0 (a n−j−1 − a n−j )
(26) or in matrix form:
2 , and B u the column matrix containing all the terms that come from the previous time step.
Equation (24) can also be alternatively written in the matrix form as A σ σ s = B σ , where
. . .
and B σ is the column matrix containing all the terms that that can be computed with the previous time step values, plus the velocity field variables u s i+1 , u s i−1 that are already known from solving the velocity equation.
Lemma 3.1. (Solvability) Matrices A u and A σ are strictly diagonally dominant, and therefore, the discretised velocity and shear stress equations are solvable for each time-step.
Proof.
For the velocity equation it is sufficient to proove that 
.., N − 1, we can conclude that A u is a strictly diagonally dominant matrix. Since a strictly diagonally dominant matrix is nonsingular, we have that for each s = 1, ..., S the inverse matrix A −1 u exists, and therefore equation (27) is solvable. For the stress equation we just need to note that B σ is a diagonal matrix, and therefore the stress at each node is obtained directly (assuming the velocity profile is already known).
Numerical Convergence
In this subsection the convergence of the numerical method will be analysed.
Comparison with Newtonian Fluids
We start by comparing the numerical results obtained for β → 0 and V G → 0, with the analytical solution for a Newtonian fluid. We have used the following parameters ν = µ ρ ≡ V ρ = 2 × 10 −3 m 2 .s −1 (ν, µ are the kinematic and dynamic viscosity, respectively),
, and boundary conditions u θ (R in , t) = Ω i (t)R in , u θ (R out , t) = Ω o (t)R out (with R in and R out the inner and outer cylinder radii, respectively). The gap is represented by h = R out − R in . The analytical expressions for velocity and shear stress (considering a Newtonian fluid with angular rotation of both the inner and the outer cylinders) are given by [13] ,
where ), we see the evolution of velocity and stress profiles obtained for t/t c = 3.50 × 10 −1 . This is a transient flow, and the numerical method was able to capture accurately the evolution of the different variables. Note that the analytical solution can hardly be distinguished since there is a good agreement between the numerical and the analytical results. As expected we obtain higher velocities for the portion of fluid near the outer cylinder, since this cylinder is rotating at a faster linear velocity (faster than the inner cylinder). The same happens for the stresses. Note that the shear stress is negative near the inner cylinder and positive near the outer cylinder due to the change in sign of the velocity gradient ∂u θ /∂r visible in figure 7(c) .
We have also plotted the stress profiles at t/t c = 3.50 × 10 −1 . These results are shown in figures 7(b) and (d), and, for this case, three curves are presented. The "numerical solution" is obtained by the numerical method described before; the "approximate solutions" are obtained from equations (33) and (34) using the approximation r n ≈ nπ/ (R out − R in ), and the "analytical solutions" are obtained again from equations (33) and (34) , but now we find the root of the transcendental equation B (R in , r) = 0 numerically using nπ/ (R out − R in ) as an initial guess for searching the n th positive root.
From figure 7 , it can be concluded that the approximation used, r n ≈ nπ/ (R out − R in ) [13] , reflects on the final result, distorting the correct velocity and stress profiles. We can also conclude that numerical simulation is a viable alternative, that allows the use of realistic boundary conditions (the analytical solution is only available for specific boundary conditions).
Comparison with UCM Numerical Results
In this subsection we will test the applicability of the previously developed numerical method to predict the annular flow of the UCM model -subsection 2.1 (making β →0 in the FVF). For that, we have constructed a simple finite difference code to solve the following system of differential equations governing the unsteady unidirectional flow of a UCM fluid in an annular geometry:
where with α = 1, β = 0 we have λ ≡ V G , η ≡ V. Note that for the UCM model, the normal stress τ θθ is not null but is not coupled into the momentum equation (37) (for this specific flow). It can be found subsequently.
Denoting by u s i an approximation of u θ (R in , t s ), σ s rθi an approximation of σ rθ (R in , t s ) and σ s θθi an approximation of σ θθ (R in , t s ) the discretised system of equations is given by:
The approximations used for each term are obvious. The equations are solved sequentially and, based on the discretisation employed for each term, we expect a convergence order of 1 in time and 2 in space. , Ωi(t) = cit, Ωo(t) = cot, ci = co = 1, and boundary conditions u θ (Rin, t) = Ωi(t)Rin, u θ (Rout, t) = Ωo(t)Rout. For the FVF code we have used ∆t/tv = 3.5 × 10 −3 and ∆r/h = 5 × 10 −3 , and for the UCM code ∆t/tv = 1 × 10 −3 and ∆r/h = 2 × 10 −3 ) (a)-Velocity profile; (b)-shear stress profile.
As an example of validation we have compared the velocity and shear stress profiles obtained with both numerical methods (fractional and classical). We used the same parameters as in the Newtonian case, except now β = 1 × 10 −6 . For the viscoelastic fluid we have also considered an elasticity number, El = λ tv = 6.25 × 10 −2 with t v = h 2 ν . In the Newtonian case we have El = 0.
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The mesh resolution used in the FVF simulations was ∆t/t v = 3.5 × 10 −3 and ∆r/h = 5 × 10 −3 , and for the UCM code∆t/t v = 1 × 10 −3 and ∆r/h = 2 × 10 −3 . Figure 8 shows the evolution in time of the angular velocity and shear stress at different positions across the gap between the cylinders. Since in this case the relaxation time of the viscoelastic fluid plays an important role it is expected that there will be slower momentum transfer from the walls to the bulk of the fluid (when compared to the Newtonian case), as shown by comparing figures 8(a) and 7 (a). Note that for r = 0.5 the fluid responds most slowly, since this region is most far removed from both rotating cylinders. The variation of the shear stress with time is also more smooth when compared to the Newtonian case, especially when the outer cylinder starts rotating. This is again due to the fast purely diffusive propagation of information from the wall to the fluid, in the Newtonian case.
The results obtained with the different codes are perfectly superimposed. We have tested the UCM code considering different levels of mesh refinement (doubling the number of cells in t and r, for each successive mesh). For the most refined mesh and the mesh used in the simulations the differences were visually indistinguishable.
Experimental Order of Convergence
To further verify the numerical code and determine the order of convergence of the proposed method we have created two distinct analytical solutions, by imposing a certain velocity or stress profile, through the inclusion of correcting source terms, f (t, r) (the source terms force the solution to be verified by the equation). This is known as the method of manufactured solutions [77, 78] . First we only verify the discretised velocity equation, that is independent of the stress, and then we verify the discretised stress equation, which depends on the computed velocity profile and its spatial derivative.
Momentum Equation for the Tangential Velocity
For the evolution in the discretised tangential velocity we have considered the following problem with R in = 1 m, R out = 2 m and β = 0.5 (we have also considered ν = 
f (r, t) = 
with boundary and initial conditions:
whose analytical solution is given by,
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The following expression will be used, to evaluate the accuracy of the numerical predictions,
with the convergence order, which is given by,
for space and
for time, with r k = k∆r and t i = i∆t. Here u num θ (R in + r k , t i ) stands for the numerical solution obtained at R in + r k (instant t i ).
An excellent agreement between the analytical and numerical solutions was obtained, resulting in a convergence order of ≈ 1 in time and ≈ 2 in space (see Tables 1 and 2 ). 
Constitutive Equation for the Tangential Stress
For the discretised stress equation we assume R in = 1 m, R out = 2 m and β = 0.5 (we have also considered V = 1 P a.s α , G = 1 P a.s β , ∆r = 1/500 m and ∆t ∈ [1/8, 1/128]s) and we impose a stress profile given by,
The substitution of this stress profile into equation (13) results in the following differential equation to be solved analytically, For the solution of this differential equation we choose the boundary condition u θ (1, t) = 0 (the boundary condition is not important here), resulting in the following velocity profile,
The discretised stress equation was then numerically solved using the derived exact velocity profile (see equation (24)):
with coefficients b l given by Eq. (25) . This way we can measure the error committed in the approximation of
by
The convergence order is given by, 
where σ num θ (R in + r k , t i ) stands for the numerical solution obtained at (R in + r k , t i ) (instant t i ). By looking at Table (3) we see that the convergence order for the stress is q σ ≈ 1.4. This order is expected to decrease when the complete system of equations is solved, and the velocity profile is not exact.
Results

Stress Relaxation
In order to test the influence of the order of the derivative on the evolution in the stress field, we have have simulated a typical stress relaxation experiment in an annular geometry. We impose a step strain, i.e. the outer cylinder suddenly starts rotating and then stops (after a period of ∆t exp ≈ 50 ms). Then we observe how the tangential stress in the fluid relaxes. We consider an annulus of fluid confined between two cylinders of radii R in = 22.65 mm and R out = 25 mm, leading to a gap of h = 2.35 mm [44] . Before showing any results on the evolution of velocity and stress, it should be recalled that when the gap between the two cylinders is small compared to the inner radius, (R out − R in ) R in (see figure 9 ) we approach a simple Couette flow. In this case we have that
≈ 0.1 meaning that the gap between the two cylinders is much smaller than the radius of the inner cylinder. For this simulation we have considered the model parameters obtained for the xanthan gum with a concentration of 0.25 wt.% , that is, V = 24.96 P a.s, G = 1.56 P a.s β , β = 0.31 and τ = 55.6 s.
The outer cylinder starts rotating at t = 0 + with a tangential velocity given by, u θ (R out , t) = θ(t)R out , whereθ
Note that as ψ → 0, the velocity u θ (R out , t) converges to the Dirac delta function multiplied by the angle turned, ∆θδ(t) [79] (assuming t d = 0). The need for the delay time, t d , comes from the initial condition du θ (Rout,0) dt = 0 and from the fact that
The mesh size used in the simulations is ∆t/τ = 1.79856 × 10 −5 , ∆r/h = 1 × 10 −2 , and we have considered three different straining deformations (γ 0 = ∆θR out /h) of 1%, 5% and 100%. After a time of ≈ 50 ms (t/τ ∼ 0.0009) the outer cylinder has already rotated from A to B (clockwise), and stopped (see figure 10) . Note that the position of B varies with the imposed deformation.
During this sudden straining motion we measure the evolution of the shear stress at a particular point, (r = (r − R in )/(R out − R in ) = 0.25). Note that in the narrow gap limit h/R in 1 there is an analytical solution for the problem under study, given by [51, 80] ,
where E 1−β,1−β is the generalized Mittag-Leffler function [4] . It should also be remarked that we have shifted the analytical solution by t d in time due to the delay used in the numerical solution (needed to ensure that du θ /dt → 0 at t = 0). We first show ( figure 11(a) ) the normalised shear stress relaxation results obtained for a stepstrain test with a deformation of γ 0 = 100%, β = 0.31 and three different levels of refinement, ψ/τ = 1.0 × 10 −4 , 1.8 × 10 −4 , 2.7 × 10 −4 and a normalized delay time of t d /τ = 4.5 × 10 −4 , 7.4 × 10 −4 , 1.1 × 10 −3 . Note that as ψ → 0 the outer cylinder has to rotate faster to attain the same fixed distance turned in a progressively shorter period of time. This makes the numerical calculation increasingly stiff, since we have to capture accurately high gradients.
Convergence to the analytical solution is observed as we decrease the value of ψ. The evolution of the deformation in time for the three different tangential velocities imposed on the outer cylinder is shown in figure 11(b) . As expected, with progressive increases of the rotation velocity, a sharper approximation of a true step-strain displacement is obtained.
The normalised stress relaxation for the three different levels of imposed deformations are shown in figures 11(c) and (d). The results were compared with the analytical solution, and a good match between analytical and numerical solutions was obtained for the different imposed deformations. This supports our claims that the numerical code is robust and can be used in the prediction of real fluid behavior, modeled by the FVF.
The true power of the fractional model can be seen for the case where different fractional exponents are considered, as shown in figure 12 for a deformation of γ 0 = 100%, ψ/τ = 7.4 × 10 −5 , t d /τ = 6.2 × 10 −4 , and β = 0.1, 0.25, 0.5. Due to large simulation times we have also modified the numerical code to deal with graded meshes in time.
After some numerical experiments we observed that a good mesh grading could be given by:
where T is the duration of the experiment, N 1 = 50, N 2 = 1000, r 1 = 1, r 2 = 1.693. With this graded mesh we managed to obtain a speed up of up to ≈ 55×, allowing us to perform simulations of software Mathematica (V. 11) in a computer with a processor Intel(R) Core(TM)i7-4650U CPU @ 1.70GHz 2.30GHz and 8Gb of RAM). Figure 12 shows the relaxation of the normalised stress on a logarithmic scale and an inset on a linear scale. It is well known [4] that for t τ the asymptotic limits of the stress relaxation function for the Fractional Maxwell Model are given by G(t) ≈ Gt −β /Γ(1 − β) and by G(t) ≈ Vt −α /Γ(1 − α) for t τ . Therefore we have that for t τ : log σ(t)
This equation is represented in figure 12 by dashed lines. By looking at figure 12 (including the inset) we see that for small values of β the springpot converges to a spring, leading to an approximate Maxwell behaviour, that is obtained when α → 1 and β → 0 (σ(t) + V G dσ(t) dt = Vγ(t)), and therefore, the peak of the stress is smaller, but, it takes more time to relax (smaller rate of relaxation). As we increase the value of β, the FVF evolves towards a Newtonian fluid, since each springpot converges to a dashpot when α → 1 and β → 1 (σ(t) = VG V+Gγ (t)), thus increasing the relaxation rate.
Finally, we study the stress relaxation of the FMM upon a sudden deformation (see figure 10) . In order to realize this response, at each time step we have to take into account all the deformation history from t 0 (beginning of the experiment) to t s (actual time). The computational method becomes more expensive, and therefore, the use of a graded mesh [81, 82, 83, 84] in time allows a huge reduction in simulation time, especially for this case where the gradients of velocity and stress drastically reduce after the jump in deformation. For more details please see Appendix B. Figure 13 shows the relaxation of the normalised shear stress on logarithmic axes (and the inset shows the normalised stress relaxation on linear axes) for γ 0 = 100%, ψ/τ = 7.4 × 10 −5 , t d /τ = 6.2 × 10 −4 , β = 0.25 and two different values of α (0.5,0.7). We also show the asymptotic values obtained for small and large times. For t τ we have that [4] : log σ(t)
(for t τ see Eq. (63)) and therefore in figure 13 we can observe two distinct relaxation processes, shown by the different slopes of the dashed lines for t τ and t τ . For this case study we kept G constant and V varied with α so that τ could be the same for the different α values. Since β is low, it is interesting to see the differences in the long time relaxation dynamics for the two different values of α used. When α is low, we obtain in the dual limit (α − β) → 0 and α → 0 an equation for an elastic solid (σ(t) = VG V+G γ(t)), meaning that the rate of relaxation will be slower in this limit (see figure 13 ). When β is low and α is high, we obtain, in the limit (α − β) → 1 and α → 1, the Maxwell model. As α increases we see an increase in relaxation rate as per Eq. 63.
Note that for the same simulation time, it is more difficult to approach the asymptotic values expected for t τ and t τ , when α is low. Therefore we have also plotted the analytical solution (full line in figure 13) ) for the case α = 0.5. This analytical solution is a generalisation of equation (60) , [51, 80] , being given by: 
We see again that the results obtained with the numerical method match the analytical solution, proving the robustness of the numerical code and its ability to solve both fast initial transients and long time asymptotic relaxation dynamics.
Discussion and Conclusions
A numerical method for the solution of the coupled system of equations arising in the pure tangential annular flow of fractional viscoelastic fluids was presented. The method can resolve fast transients and stress relaxations following step strains. We studied the convergence order using numerical experiments and proved its solvability. The stability and theoretical convergence of the method will be presented in the future.
A discussion of the admissibility of certain fractional viscoelastic models proposed in the literature was presented, and we have distinguished two types of models, the four parameter FMM that allows a better fit of experimental data but that shows unbounded stress growth following start up of steady shear, and the three parameter FVF model that also allows a good fit of experimental data and that shows bounded stress growth following start up of steady shear, this therefore being an ideal model for fluids.
The numerical method used in the solution of the FMM is slightly different from the one used in the FVF, since the past deformation needs to be taken into account at each time-step. This led to an increase in simulation time, and therefore, graded meshes were used for the discretisation in time.
The results presented in this work for the FVF and FMM show that these models are a promising tool for modeling the transient response of realistic complex fluids. However, it is important to note that neither model can capture the shear thinning observed at large strains and high Weissenberg numbers [26] . To describe these nonlinear effects it will be important in future work to also incorporate nonlinear effects in the integral expressions for the stress, for example through a factorizable equation of K-KBKZ form [26, 85, 42] .
